'These comments are based on research most of which was carried out under a contract between the University of Chicago and the U.S. Department of Agriculture. Needless to say, nobody except the writer is responsible for any errors, or, in particular, for any opinions or conclusions expressed here. Most of the discussion will be on feedgrain storage, with brief allusions to some of the results of the more recent work done on pork storage.
'These matters are discussed in full detail, particularly with respect to computational procedures, in a forthcoming publication in the U.S. Department of Agriculture Technical Bulletin series by Gustafson, R. L., "Carry-over Levels for Grains: A Method For Determining Amounts That Are Optimal Under Specified Conditions," U. S. Department of Agriculture Technical Bulletin No. 1178 (in press).
3 Carry-over is optimally a function of supply alone, provided that future fluctuations in output are treated as random. To the extent that such fluctuations are predictable on the basis of currently observed variables, the optimal carry-over becomes a function also of such variables. For grains, the rules which we have computed have been mostly of the simple type making carry-over a function of supply alone. However in the case of pork, there is evidence that this is an oversimplification, and the rules there are made dependent also on other, observable "prediction" variables. 290
rules for those periods. The storage problem, then, may be stated as that of finding an "optimal" policy or optimal set of rules, given the relevant conditions, and given the criterion of optimality or policy decision about goals to be achieved. In practice, we may be primarily interested only in what should be done in the current period, but the decision as to how much of an available supply should be used in the current period and how much should be carried over for use in future periods must depend on how the quantity carried over is to be distributed among those future periods. It is essentially for this reason that storage policy, to be demonstrably optimal, must be defined and derived in terms of storage rules, rather than simply in terms of recommended specified "levels" of storage.
This does not imply, of course, that one must compute storage rules for all future periods, ad infinitum. What happens in future periods becomes of lesser importance (i.e., has less effect on the optimal rule in the current period) as the computations are carried further into the future, so that, with a finite number of operations (or iterations), the optimal rule for the current period can be determined to any desired degree of accuracy. In the applications to feed grains, the marketing period was taken as a year, and the number of iterations required to achieve "convergence" in the computations varied between five and 15. In other words, the effective "time horizon" for these applications may be said to be somewhere between about five and about 15 years, depending on the conditions and criterion for which the rule is being determined.
Under the assumption of "stationarity," i.e., that all relevant conditions and criteria are the same in each year, the optimal storage rule is also the same in each year. All the applications to feed grains which have been carried out have assumed, for computational purposes, stationarity in this sense. The assumption is not, however, as restrictive in its effects as it might at first appear.4
The conditions which are relevant to the determination of storage rules are four: the interest rate, the cost of storage, the probability distributions of output in future periods, and what I call the "total social value function," i.e., a function which relates the total value to society of utilizing alternative quantities in a given year to the respective quantities.
The objective determination of a social value (or social utility) function is, of course, fraught with problems, and a completely rigorous or definitive determination is probably impossible. Nevertheless, any storage policy necessarily assumes, implicitly or explicitly, some value function, 'For example, nonstationarities introduced by lag effects in demand or supply can in some cases be allowed for approximately by making certain "equivalence" adjustments in the parameters used in the computations. Also, future trends in production or demand, if known, can readily be allowed for.
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and it is clear that explicitness in assumptions is generally more conducive to rationality than is absence of explicitness.
Perhaps the most practicable way of objectively approximating a total social value function is to let the marginal social value of a given quantity be equal to market price, in a market price-quantity (or inverse demand) relation suitably specified. In particular, the demand elasticity used should be for the "short run" (since we are concerned with year-to-year changes in quantities), and it should be defined with the real productive capacity of the economy held constant, except for changes in the production of the given commodity.
In any case, however the social value function is determined or decided on, the criterion of optimality may then be defined as follows. First, the "gain" in any year resulting from storage is defined as the total social value of grain utilized under the storage program minus the cost of storage minus the total social value of grain that would have been utilized in the absence of any storage. It can readily be seen that the probability distribution of gain in any year depends on the probability distribution of output, the storage rule applicable in that year, and the carry-in, which in turn depends on the storage rule applicable in the preceding year, the distribution of output in that year, and so on back to the initial year. An optimal storage policy, then, is defined as the set of storage rules which maximizes the sum of discounted expected gains for a given number of years, or, in the case of stationarity, for all future years. The "solution," i.e., the mathematical derivation of storage rules which can be shown to satisfy uniquely the stated criterion, is adapted from the Dvoretzky, Kiefer, Wolfowitz solution of the inventory problem for a firm,5 and the computational method used to calculate specific rules under stated conditions is an iterative one based directly on that solution. It can be shown that, if the total social value function is differentiable, an equivalent solution and equivalent computations can be carried out using the marginal social value function. Use of the latter function has several advantages which I shall not detail here.
In particular, however, it can be shown that, in the case of stationarity, the storage rule which maximizes the sum of discounted expected gains in all future years is the unique function 0 which satisfies the following equation for all values of C:
where a is the "discount factor" (equal to 1/(1 + interest rate)), p is the marginal social value function, C is carry-over, x is output, F(x) is the 
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RECENT RESEARCH ON OPTIMAL STORAGE RULES probability distribution of x, and r' is the marginal cost of storage function.
Two "implications" can be seen from the above equation : 1) The first is that the aggregate amounts that would be stored by private firms maximizing expected net revenues in a competitive market are identical to the amounts that would be stored by a government agency maximizing the sum of discounted expected social gains, provided that a) the marginal social value function is defined as the market price-quantity relation; b) the marginal cost of storage to a government agency, for a given quantity, is the same as it is to a private storer (when all private storers are in equilibrium, with the same given aggregate quantity); c) either the relevant conditions are stationary from year to year, or, if not, then the relevant information available to, and acted on, by private storers, is the same as that available to and acted on by a government agency.
2) The second is that, for the case where the government operates the storage program directly, if again the marginal social value function i; the same as the market price function, and if the marginal cost of storage is constant, then the expected cost to the government of operating an optimal program is zero.
We have computed optimal storage rules for aggregate feed grains in the United States under a variety of alternative sets of conditions.6 The data were used, and the computations carried out, on a per-acre basis, so the results can be applied to different levels of aggregate acreage.7 All of the per-acre quantities and values used here can be translated into approximate national aggregates by multiplying by 140 million acres. The probability distribution of yields was estimated from records of the actual variability of yields in the period 1901-1950, with an adjustment for trend. The resulting empirical distribution is fairly highly negatively skewed, and has the following other properties: mean, 29.5 bu.; range, 16 bu. (19 minimum to 35 maximum); variance, 9.18; standard deviation, 3.03 bu.8
For the purpose of discussing implications, I shall use here only two 6The actual aggregate used was corn, oats and barley, converted to corn equivalents on the basis of pounds of digestible nutrients per bushel. Sorghums were omitted because of lack of certain relevant data. 7 In the results which I shall use here, no account is taken directly of fluctuations in acreage, although it should be mentioned that such fluctuations, whether predictable or random, can be incorporated into a more general computation.
8 For the years 1946-1955, the actual U.S. average yield, for our "corn equivalents" aggregate, was 30.9 bushels per acre. The computed rules can easily be adjusted for such changes in "normal" yield. It can also be shown that the computed rules are not sensitive to errors in the estimate of yield variance which might be introduced, for example, by sampling variability, provided the estimates of the other conditions used are "realistic." The computed rules are tabulated and illustrated below."" Once a rule has been determined, then probability distributions that would occur as a result of application of the rule can be computed for each of the relevant variables-supply, carry-over, quantity consumed, and price-for any given year, as a function of the level of carry-in. Then, by iteration, the "long run," "stable," or "convergent" probability distributions of all the variables can be obtained. " It may be noted that Rules 1 and 2 have the same general shape (slightly concave upward) and roughly the same slopes, differing mainly in "level." (These general relationships held approximately for all the optimal rules computed.) Rule 3 is a nonoptimal storage rule which will be introduced later, for comparative purposes. The "implications" of these results depend somewhat, perhaps, on one's point of view. However, I think three comments are worth making: 1) Under "realistic" assumptions about relevant conditions (Rule 1), optimal carry-over levels are remarkably low, being zero most of the time, and essentially never getting above about 400 million bushels.
2) Comparing the results under Rules 1 and 2, we may say that the determination of optimal carry-over levels is at least moderately sensitive to the values of the parameters of the conditions assumed, arguing for the importance, in any practical application of storage policy, of obtaining estimates of the conditions which are as accurate and as relevant as possible. But
3) It requires highly "unrealistic" assumptions about relevant conditions, such as those of Rule 2, to "justify" levels of carry-over which 295 approach in magnitude the actual price-support carry-overs of recent years.12
The long run probability distributions of quantities utilized under the two rules are tabulated below. It will be noted that neither Rule 1 nor Rule 2 reduces the long run probability of occurrence of low levels of utilization by very much.13 The "implication" here is that, under the criterion adopted and the estimates of conditions used, it is simply not economically worthwhile to reduce such probabilities by very much, especially if the estimates of conditions are fairly "realistic."
LONG-RUN CUMULATIVE PROBABILITY DISTRIBUTIONS OF QUANTITY UTILIZED (BUSHELS PER ACRE) UNDER DIFFERENT STORAGE
Rule 3, referred to in the table, is introduced here for comparative purposes. It is a non-optimal rule which is chosen to achieve the purpose (if such be a purpose) of reducing the probability of occurrence of low levels of utilization. It is a "proportional" or "linear" rule, specifically, C = 03(S) = 0.4(S -19). (The reasons for the choice of the coefficient 0.4 I omit here.) It may be noted that although Rule 3 does reduce the probability of low levels of utilization, it does so only at considerable cost: the long run average level of carry-over is about 7.0 bushels per acre, as compared with 0.3 under Rule 1 and 3.1 under Rule 2. Also, the 12 The current level of Commodity Credit Corporation stocks of "corn equivalents" of corn, oats and barley is about 1300 million bushels. 13 For example, the probability that quantity utilized in any year will fall to or below 22 bushels per acre (or about 37.5 per cent below normal) is about 6 per cent with no storage, about 5.4 per cent under Rule 1, and about 2.4 per cent even under Rule 2.
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RECENT RESEARCH ON OPTIMAL STORAGE RULES reduction in the variance of quantity utilized is actually slightly less under Rule 3 than under Rule 2.
I turn now to a brief consideration of "costs and benefits" that can be expected to accrue from the application of optimal storage rules. First, define the "expected returns to storage" as the maximized sum of discounted expected gains from storage, where the "gain" in each year is the total social value of quantity utilized under the storage program minus the cost of storage minus total social value in the absence of storage. Then the expected returns, as a function of the initial year's supply, can be computed and are tabulated below for the two optimal rules we are considering. The magnitudes involved here, when converted to national aggregates, are fairly substantial-at least enough so to make research effort on storage policy seem somewhat worthwhile. On the other hand, if compared with the discounted present value of all future grain grown per acre (roughly about $900 for the interest rate of Rule 1 and about $2250 for Rule 2), it is clear that the relative contribution which a storage policy can make to real income is small.
EXPECTED RETURNS TO STORAGE (DOLLARS PER ACRE) UNDER RULE 1 AND RULE 2 FOR VARIOUS INITIAL LEVELS OF SUPPLY (BUSHELS PER ACRE
It is of some interest to consider how the effects of a storage policy are distributed among relevant groups. I shall consider three such categories, "producers" of the grain, "users" of the grain, and "storers." Probability distributions of gains and/or losses to each category can be com- 14 The higher values occurring under Rule 2 do not mean, of course, that Rule 2 is "better" than Rule 1-each rule maximizes the returns under the conditions assumed in computing it; the higher returns of Rule 2 are due to having assumed conditions which would make storage more valuable to the economy than it is under the conditions of Rule 1. (Similarly, each rule maximizes the returns for every possible level of initial supply, so the fact that the returns increase as initial supply increases simply reflects the obvious fact that storage becomes more valuable.) Again we note that the magnitudes are small relative to the total value of grain produced, but not negligible in absolute amount, on a national aggregate basis. For example, under Rule 2, the storage agency could ' It should be mentioned that, again, values occurring under Rule 1 are not directly comparable for some items with those of Rule 2, because the two rules are determined for different sets of conditions. However, Rule 2 and the non-optimal Rule 3 are assumed to be comparable in all cases.
It should also be emphasized that the comparisons are meant to be suggestive only, since (a) in large part, "producing," "using," and "storing" are done on the same farms; and (b) by considering only "first order" effects, we abstract from the fact that any significant changes in the effects on producers and users would in the long run tend to be offset by shifts of other resources. It is for these reasons, among others, that the concept of "social" gain, uncongenial though it may be, in some respects, is felt to be the relevant one for determination of optimality. lose on the average about 18 million dollars a year, despite the extremely low assumptions about cost of storage and the interest rate. 16 What general conclusions pertaining to implications for over-all policy, if any, can be drawn from all these computational results? My own general conclusion, and here perhaps I should emphasize that there is some element of opinion as well as of fact involved, is that probably the best recommendation one could make, as an economist, to the public, would be that the government should get out of grain storing activity entirely. There are three steps or sub-conclusions involved in arriving at this general conclusion:
First, there is a fairly strong theoretical presumption that in a free market private storers will, in aggregate, store amounts that are approximately socially optimal, by the criterion used here.17 Second, our computations indicate that, to the extent to which a freemarket storage policy might not be optimal, the improvements, in terms of the relative increases in real income to relevant sectors of the economy, which could be effected even by a perfectly optimally operated government storage program are not very great. In other words, storage of feed grains does not appear to be the kind of economic activity where substantial gains can be obtained through governmental intervention.18 19 Third, there is ample historical evidence, especially over the last ' Also, note that Rule 3 is not only non-optimal, but actually worse (from the standpoint of social gain) than no storage at all. 17This presumption is, of course, conceptually subject to empirical test. Unfortunately, there have been only a relatively few years in the past in which a free market existed and in which adequate data on carry-overs of feed grains are available.
I have, however, made some attempt to test the presumption in connection with the study of pork storage. There we are primarily interested in seasonal rather than inter-year storage, and the evidence indicates that a) on the long run average, i.e., over a period of several years' duration, seasonal levels of pork inventories held by private storers are in aggregate about optimal, in the sense of equating the average seasonal price change to the cost of storage, including a "normal" return on investment; but that b) the non-optimalities in particular years are sometimes very great. The evidence also suggests that the non-optimalities are probably largely due to lack of adequate information, on the part of storers, about the extent to which year-to-year changes in the seasonal pattern of production are in fact predictable. " This does not mean, of course, that if the government is engaged in and continues to engage in storage activity, we should ignore the question of optimality of the policy followed. It is clear that non-optimal policies can result in very high losses indeed, in terms of absolute national aggregates.
"Both the first and second steps or sub-conclusions are, of course, based on the judgment that the marginal social value function can best be approximated by the market price-quantity relation, suitably specified. If this judgment is rejected, then neither conclusion holds. For example, if total social value is set equal to total revenue of grain producers, with the same storage cost and interest rate conditions of our Rule 1, the resulting optimal storage rule would give carry-over levels even higher than those of Rule 2. 299 10 years or so, that once the government becomes engaged in storage activity, there are very strong political pressures to make the policy followed increasingly non-optimal.
I do not mean to suggest, of course, that I think the Commodity Credit Corporation should immediately release all its currently held stocks. One of the important potential practical applications of computed storage rules would be in serving as a guide to the rate at which stocks could be brought down from their current levels. Although I have, largely for simplicity, somewhat emphasized in the present discussion the long run effects of applying optimal rules as defined here, one of their important properties is that they are derived and computed, not only to result in "desirable" long run averages, but also so as to be optimal, under the criterion specified, when applied starting in any given year with any given level of initial stocks or initial supply.
Current CCC stocks of corn, oats and barley, in corn equivalents, are about 1300 million bushels, or about 9.4 bushels per acre. If our Rule 1, for example, were to be applied starting this year (with a minor modification to adjust it for the current estimate of normal yields), it would take about four years to reduce stocks to their long run average level under the rule, i.e., about 50 million bushels, assuming normal yields each year. The period could, of course, be shorter or much longer, depending on what happens to yields; but in any case application of the rule each year would be optimal, in the sense of maximizing the sum of discounted expected gains, whatever the particular year's level of carry-in or production might be. 20 Finally, the conclusion or opinion that the government should not store grain at all should be modified somewhat to allow for the possible desirability of reserve stocks held in case of occurrence of war or other national disaster. Optimal rules can be derived which include allowance for such contingencies, if one can make estimates of their effects on the relevant conditions of demand and supply, and can make assumptions about the probabilities of their occurring. Such rules can be expected to have about the same form, except for level, as rules calculated for corresponding conditions except for excluding the disaster contingency elements. The difference in levels, then would be the "optimal" "disaster reserve" stock.
